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NEARLY KÄHLER HOMOGENEOUS MANIFOLDS WITH POSITIVE
CURVATURE
J. C. GONZÁLEZ-DÁVILA AND F. MARTÍN CABRERA
Abstrat. We prove that a 2n-dimensional ompat homogeneous nearly Kähler manifold
with stritly positive setional urvature is isometri to CPn, equipped with the symmetri
Fubini-Study metri or with the standard Sp(m)-homogeneous metri, n = 2m− 1, or to S6
as Riemannian manifold with onstant setional urvature. This is a positive answer for a
revised version of a onjeture given by Gray.
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1. Introdution
Berger [1℄ proved that a simply onneted, even-dimensional, normal homogeneous spae
of stritly positive setional urvature is homeomorphi, in fat dieomorphi, to a ompat
rank one symmetri spae. Here we rstly prove the following result:
Theorem 1.1. A simply onneted, 2n-dimensional, normal homogeneous spae of stritly
positive setional urvature is isometri to a ompat rank one symmetri spae or to the
omplex projetive spae CPn = Sp(m)/(Sp(m − 1) × U(1)), n = 2m − 1, m ≥ 2, equipped
with the standard Sp(m)-homogeneous Riemannian metri.
This is dedued as a onsequene of the Wallah's lassiation [13℄ displayed in Setion 3
below.
Beause the pinhing onstant δ = min Kmax K of the extremal values of the setional urvature
for the standard Sp(m)-homogeneous Riemannian metri is δ = 116 (see Proposition 4.2), it
follows that the metri on CPn is not the symmetri Fubini-Study one.
On the other hand, Gray in [5℄ proposed the following onjeture: Let (M,g, J) be a ompat
nearly Kähler manifold with stritly positive setional urvature. If the salar urvature of
(M,g) is onstant, then (M,g) is isometri to a omplex projetive spae with a Kähler metri
or to a 6-dimensional sphere with a Riemannian metri of onstant setional urvature.
This onjeture is positive for Kähler manifolds (see [7℄). However, Sekigawa and Sato [11℄
showed that Sp(2)/(Sp(1)×U(1)), as a Riemannian 3-symmetri spae, is a ounter example.
Here we prove
Theorem 1.2. If M is a 2n-dimensional ompat homogeneous nearly Kähler manifold with
stritly positive setional urvature, then M is isometri to
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(i) CPn equipped with a symmetri Fubini-Study metri, or
(ii) CPn equipped with a standard Sp(m)-homogeneous metri, n = 2m− 1, m ≥ 2, or
(iii) S6 with a Riemannian metri of onstant setional urvature.
In the proof we make use of the theory of 3-symmetri spaes developed by Gray and Wolf
[6, 14℄ and the more reent study on homogeneous nearly-Kähler manifolds due to Nagy [9, 10℄
and Butruille [3℄.
2. Preliminaries
Let (M,g) be a onneted homogeneous Riemannian manifold. Then (M,g) an be ex-
pressed as a oset spae G/K, where G is a Lie group, whih is assumed to be onneted,
ating transitively and eetively onM, K is the isotropy subgroup of G at some point o ∈M,
the origin of G/K, and g is a G-invariant Riemannian metri. Moreover, we an assume that
G/K is a redutive homogeneous spae, i.e. there is an Ad(K)-invariant subspae m of the
Lie algebra g of G suh that g = m ⊕ k, being k the Lie algebra of K. (M = G/K, g) is said
to be naturally redutive, or more preisely G-naturally redutive, if there exists a redutive
deomposition g = m⊕ k satisfying
〈[X,Y ]m, Z〉+ 〈[X,Z]m, Y 〉 = 0, (2.1)
for all X,Y,Z ∈ m, where [X,Y ]m denotes the m-omponent of [X,Y ] and 〈·, ·〉 is the inner
produt indued by g on m, using the anonial identiation m ∼= ToM. When there exists
a bi-invariant inner produt q on g whose restrition to m = k⊥ is 〈·, ·〉, the homogeneous
Riemannian manifold (M = G/K, g) is alled normal homogeneous. Then, for all X,Y,Z ∈ g,
we have
q([X,Y ], Z) + q([X,Z], Y ) = 0. (2.2)
Hene eah normal homogeneous spae is naturally redutive. It is well known that there exists
a bi-invariant inner produt on the Lie algebra g of the Lie group G if and only if G is ompat.
Thus every normal homogeneous spae is ompat. Sine G is ompat and semisimple if and
only if the Cartan-Killing form B is negative denite, we may hoose q = −B, in whih
ase (M = G/K, g) is alled a standard Riemannian homogeneous spae and the indued
Riemannian metri g is alled the standard homogeneous metri or Cartan-Killing metri on
M.
If G is a simple ompat Lie group, any naturally redutive G-homogeneous Riemannian
manifold is standard, up to saling fator. Moreover, the unique G-invariant Riemannian
metri, up to homotheties, on a ompat isotropy irreduible spae M = G/K is standard
hoosing the appropriate saling fator and this Riemannian metri is Einstein. Note that
not all standard homogeneous metris are Einstein.
The setional urvature of a normal homogeneous Riemannian manifold (M = G/K, g) is
given by
〈R(X,Y )X,Y 〉 = ‖[X,Y ]k‖2 + 1
4
‖[X,Y ]m‖2, (2.3)
for all X,Y ∈ m ∼= ToM. So the setional urvature of a normal homogeneous manifold is
always non-negative and there exists a setion pi = R{X,Y }, X, Y ∈ m, suh that K(pi) = 0
if and only if [X,Y ] = 0.
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We shall also need some general results of omplex simple Lie algebras. See [8℄ for more
details. Let gC be a simple Lie algebra over C and hC a Cartan subalgebra of gC. Let ∆
denote the set of non-zero roots of gC with respet to hC and Π = {α1, . . . , αl} a system of
simple roots or a basis of ∆. Beause the restrition of the Cartan-Killing form B of gC to
hC×hC is non-degenerate, there exists a unique element Hα ∈ hC suh that B(H,Hα) = α(H),
for all H ∈ hC. Moreover, we have hC =
∑
α∈∆ CHα and B is stritly positive denite on
hR =
∑
α∈∆RHα. Put 〈α, β〉 = B(Hα,Hβ). We hoose root vetors {Eα}α∈∆, suh that for
all α, β ∈ ∆, we have
[Eα, E−α] = Hα, [H,Eα] = α(H)Eα, for H ∈ hC;
[Eα, Eβ ] = 0, if α+ β 6= 0 and α+ β 6∈ ∆;
[Eα, Eβ ] = Nα,βEα+β, if α+ β ∈ ∆,
 (2.4)
where the onstants Nα,β satisfyNα,β = −N−α,−β, Nα,β = −Nβ,α.Moreover, given an α-series
β + nα (p ≤ n ≤ q) ontaining β, then
(Nα,β)
2 =
q(1− p)
2
〈α,α〉. (2.5)
For this hoie, if α+ β 6= 0, then Eα and Eβ are orthogonal under B, B(Eα, E−α) = 1 and
we have the orthogonal diret sum
gC = hC +
∑
α∈∆
CEα.
Denote by ∆+ the set of positive roots of ∆ with respet to some lexiographi order in Π.
Then the R-linear subspae g of gC given by
g = h+
∑
α∈∆+
(R U0α +R U
1
α)
is a ompat real form of gC, where h =
∑
α∈∆ R
√−1Hα and U0α = Eα − E−α and U1α =√−1(Eα +E−α). Next we put Nα,β = 0 if α+ β 6∈ ∆. Then, using (2.4), one gets
Lemma 2.1. For all α, β ∈ ∆+ and a = 0, 1, the following equalities hold:
(i) [Uaα,
√−1Hβ] = (−1)a+1〈α, β〉Ua+1α ;
(ii) [U0α, U
1
α] = 2
√−1Hα;
(iii) [Uaα, U
b
β ] = (−1)abNα,βUa+bα+β + (−1)a+bN−α,βUa+bα−β , where α 6= β and a ≤ b.
For eah
√−1H ∈ h, it implies that
Adexp
√−1HU
0
α = cosα(H)U
0
α + sinα(H)U
1
α,
Adexp
√−1HU
1
α = cosα(H)U
1
α − sinα(H)U0α.
(2.6)
3. Compat 3-symmetri spaes with stritly positive urvature
We reall that a onneted Riemannian manifold (M,g) is alled a 3-symmetri spae [6℄
if it admits a family of isometries {θp}p∈M of (M,g) satisfying
(i) θ3p = I,
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(ii) p is an isolated xed point of θp,
(iii) the tensor eld Θ dened by Θ = (θp)∗p is of lass C∞,
(iv) θp∗ ◦J = J ◦θp∗,
where J is the anonial almost omplex struture assoiated with the family {θp}p∈M given by
J = 1√
3
(2Θ+ I). Riemannian 3-symmetri spaes are haraterised by a triple (G/K, σ, 〈·, ·〉)
satisfying the following onditions:
(1) G is a onneted Lie group and σ is an automorphism of G of order 3,
(2) K is a losed subgroup of G suh that Gσo ⊆ K ⊆ Gσ , where Gσ = {x ∈ G | σ(x) = x}
and Gσo denotes its identity omponent,
(3) 〈·, ·〉 is an Ad(K)- and σ-invariant inner produt on the vetor spae m = (m+ ⊕
m−) ∩ g, where m+ and m− are the eigenspaes of σ on the omplexiation gC of g
orresponding to the eigenvalues ε and ε2, respetively, where ε = e2pi
√−1/3.
Here and in the sequel, σ and its dierential σ∗ on g and on gC are denoted by the same letter σ.
The inner produt 〈·, ·〉 indues aG-invariant Riemannian metri g onM = G/K and (G/K, g)
beomes into a Riemannian 3-symmetri spae. Then it is a redutive homogeneous spae with
redutive deomposition g = m⊕k, where the algebra of Lie k ofK is gσ = {X ∈ g | σX = X}.
The anonial almost struture J on G/K is G-invariant and it is determined by the Ad(K)-
invariant automorphism Jo on m given by
Jo =
1√
3
(2σ|m+ Idm). (3.1)
Note that, taking into aount that σ2X + σX +X ∈ k, one obtains that in fat J2o = −Idm.
Moreover (M = G/K, g, J) is quasi-Kählerian and it is nearly Kählerian if and only if (G/K, g)
is a naturally redutive homogeneous spae with adapted redutive deomposition g = m⊕ k.
In this ase g is said to be an adapted naturally redutive metri for M. Under the anonial
identiation of m with ToG/K, we have the following (see [6℄).
[JX, JY ]k = [X,Y ]k, [JX, Y ]m = −J [X,Y ]m. (3.2)
Aording to Gray [6℄, a simply onneted Riemannian 3-symmetri spae (M,g) may
be deomposed as a Riemannian produt M = M0 ×M1 × · · · ×Mr, where M0 is an even
dimensional Eulidean spae and M1, . . . ,Mr are irreduible Riemannian 3-symmetri spaes.
Eah Mi, i = 1, . . . , r, admits a homogeneous metri g, unique up to a salar multiple,
that is nearly Kähler and makes (Mi, g) a standard naturally redutive homogeneous spae.
A ompat irreduible Riemannian 3-symmetri spae (M = G/K, σ, 〈·, ·〉) has one of the
following forms:
Type A3 : G is a ompat onneted simple Lie group ating eetively and σ is an inner
automorphism on the Lie algebra g of G.
Let µ =
∑l
i=1miαi be the maximal root of ∆ and onsider Hi ∈ hC, i = 1, . . . , l, dened
by
αj(Hi) =
1
mi
δij , i, j = 1, . . . , l.
Following [14, Theorem 3.3℄, eah inner automorphism of order 3 on gC is onjugate in the inner
automorphism group of gC to some σ = Adexp 2pi
√−1H , where H =
1
3miHi with 1 ≤ mi ≤ 3
or H = 13(Hi+Hj) with mi = mj = 1. Then there are four lasses of σ = Adexp 2pi
√−1H with
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Type σ mi Π(H)
A3I Adexp 2pi
√
−1
3 Hi
1 {αk ∈ Π | k 6= i}
A3II Ad
exp 2pi
√
−1 (Hi+Hj)3
mi = mj = 1 {αk ∈ Π | k 6= i, k 6= j}
A3III Adexp 4pi
√
−1
3 Hi
2 {αk ∈ Π | k 6= i}
A3IV Adexp 2pi
√
−1Hi 3 {αk ∈ Π | k 6= i} ∪ {−µ}
Table I
orresponding simple root systems Π(H) for gσC, Types A3I-A3IV given in Table I. Denote
by ∆+(H) the positive root system generated by Π(H). Then we have h ⊂ k = gσ and
k = h+
∑
α∈∆+(H)
(R U0α + R U
1
α).
Beause B(Uaα, U
b
β) = −2δαβδab, it follows that {Uaα | a = 0, 1, α ∈ ∆+ r∆+(H)} beomes
into an orthonormal basis for (m, 〈·, ·〉 = −12B|m).
Type B3 : G is a ompat simple Lie group and the omplexiation gC of g is of Dynkin type
d4 and σ is an outer automorphism on g.
Type C3 : G = L × L × L, where L is a ompat simple Lie group and σ on g = l ⊕ l ⊕ l is
given by σ(X,Y,Z) = (Z,X, Y ). Here, k = gσ is l embedded diagonally.
Lemma 3.1. If σ is an inner automorphism, i.e. it is of Type A3, then Jo dened as in (3.1)
satises
JoU
0
α = ±U1α, JU1α = ∓U0α, for all α ∈ ∆+ r∆+(H).
Proof. Eah α ∈ ∆+ r∆+(H) may be written as α =∑lk=1 nkαk, where nk ∈ Z, nk ≥ 0,
for eah k ∈ {1, . . . , l}. Let √−1H ∈ h suh that σ = Adexp 2pi√−1H , as before. Then we have
α(H) = 13ni, for H =
1
3miHi, 1 ≤ mi ≤ 3, and α(H) = 13 (ni + nj), for H = 13(Hi + Hj),
mi = mj = 1. Hene it follows that the possible values of α(H) are
1
3 ,
2
3 and 1. But α(H) 6= 1,
beause for α(H) = 1, one obtains from (2.6) that σ(U0α) = U
0
α. Then, the result follows
diretly using again (2.6). 
In [13℄ Wallah showed that a simply onneted 2n-dimensional, ompat homogeneous
Riemannian manifold with stritly positive setional urvature is isometri to
(i) a ompat rank one symmetri spae: CPn, S2n, HPn/2 (n even), CaP 2 (n = 8);
or
(ii) one of the following quotient spaes G/K with a suitable G-invariant metri:
(1) the manifolds of ags in the omplex, quaternioni and Cayley three-spae:
F6 = SU(3)/(U(1)×U(1)),
F12 = Sp(3)/(SU(2)× SU(2)× SU(2)),
F24 = F4/Spin(8);
(2) Sp(m)/(Sp(m− 1)×U(1)), n = 2m− 1;
(3) the six-dimensional sphere S6 = G2 /SU(3).
Then we have
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Proposition 3.2. A simply onneted, ompat Riemannian 3-symmetri spae with stritly
positive setional urvature is isometri to one of the following spaes, equipped with a suitable
invariant metri:
(i) A3I : CP
n = SU(n+ 1)/S(U(1) ×U(n));
(ii) A3II : F
6 = SU(3)/(U(1)×U(1));
(iii) A3III : CP
n = Sp(m)/(Sp(m− 1)×U(1)), n = 2m− 1;
(iv) A3IV : S
6 = G2 /SU(3).
Proof. A ompat irreduible Riemannian 3-symmetri spae (M = G/K, σ, 〈·, ·〉) is a (Her-
mitian) symmetri oset spae if and only if σ is of Type A3I (see for example [4℄). Then if it
is also of rank one it must be the omplex projetive spae CPn = SU(n+1)/S(U(1)×U(n)).
Next we show that that the quotient spaes F6 = SU(3)/T 2, CPn = Sp(m)/(Sp(m −
1) × U(1)) and S6 = G2 /SU(3) admit a struture of Riemannian 3-symmetri spae. In
a2 :
1
◦
α1
1
◦
α2
we onsider the inner automorphism σ = Adexp 2pi
√−1H of Type A3II with
H = 13 (H1 +H2). From Table I, the simple root system Π(H) for a
σ
2 is empty and a
σ
2 is the
2-dimensional torus generates by {√−1Hα1 ,
√−1Hα2}.
For the omplex Lie algebra gC = cm :
2
◦
α1
2
◦
α2
. . .
2
◦
αm−1
1
◦
αm
, m ≥ 2,
a set of positive roots is given by
∆+ = {αij = αi + · · ·+ αj (1 ≤ i ≤ j ≤ m),
α˜ij = αi + · · ·+ 2αj + · · ·+ 2αm−1 + αm (1 ≤ i ≤ j ≤ m− 1)}.
The inner automorphism σ = Adexp 2pi
√−1H , where H =
2
3H1, is of Type A3III. Then, using
Table I, the simple root system Π(H) for the (omplex) Lie algebra cσm = {X ∈ cm | σX = X}
is pi(H) = {α2, . . . , αm}. The positive root system ∆+(H) generated by Π(H) is
∆+(H) = {αij (2 ≤ i ≤ j ≤ m), α˜ij (2 ≤ i ≤ j ≤ m− 1)}.
Thus {Hαi (1 ≤ i ≤ m); E±αij (2 ≤ i ≤ j ≤ m), E±( fαij) (2 ≤ i ≤ j ≤ m − 1)} is a Weyl
basis for cσm. It implies that c
σ
m is of type cm−1 ⊗ T1 and k = sp(m− 1)⊕ u(1).
For the exeptional Lie algebra g2 :
3
◦
α1
2
◦
α2
, a set of positive roots is given by ∆+ =
{α1, α2, α1+α2, 2α1+α2, 3α1+α2, 3α1+2α2}, being µ = 3α1+2α2 the maximal root. Next
let σ = Adexp 2pi
√−1H be the inner automorphism of g2 suh that H = H1. Then σ is of Type
A3IV and, from Table I, the simple root system Π(H) for the (omplex) Lie algebra g
σ
2 =
{X ∈ g2 | σX = X} is pi(H) = {α2,−µ}. Hene the positive root system ∆+(H) generated
by Π(H) is given by ∆+(H) = {α2, 3α1 + α2, µ} and {Hα1 ,Hα2 ;E±α1 , E±(3α1+α2), E±µ} is a
Weyl basis for gσ2 . It implies that g
σ
2 is of type a2 and its orresponding ompat real form k
is isomorphi to su(3).
Finally, we prove that the quotient spaes F12 = Sp(3)/(SU(2) × SU(2) × SU(2)) and
F24 = F4/Spin(8) do not admit any struture of Riemannian 3-symmetri spae. Beause
any automorphism of order 3 on c3 or on f4 must be of Type A3, it an be written , up
to onjugane, as σ = Adexp 2pi
√−1H . On c3 :
2
◦
α1
2
◦
α2
1
◦
α3
, H is given by 13H3,
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2
3H1 or
2
3H2. Then c
σ
3 is of type a2 ⊕ T1, c2 ⊕ T1 or (a1 ⊕ T1) ⊕ a1, respetively. On f4 :
2
◦
α1
3
◦
α2
4
◦
α3
2
◦
α4
there are three possibilities for H : 23H1, H3 or
2
3H4 and their
orresponding omplex Lie algebras fσ4 are of type b3 ⊕ T1, a2 ⊕ a2 or c3 ⊕ T1. It gives the
desired result. 
4. Proof of Theorems 1.1 and 1.2
In [12℄ Valiev determined the set of all homogeneous Riemannian metris on F6, F12 and F24
of stritly positive setional urvature and their orresponding optimal pinhing onstants.
Aording to Berger's lassiation, they annot be normal homogeneous. It is worthwhile
to note that S6 = G2 /SU(3) arries the usual metri of onstant setional urvature be-
ause SU(3) is irreduible on the tangent spae (see [2℄). Nevertheless, (G2,SU(3)) is not a
symmetri pair.
Next, in order to prove Theorem 1.1, we only need to study the omplex projetive spae
CPn = Sp(m)/(Sp(m−1)×U(1)), n = 2m−1, as a standard Sp(m)-homogeneous Riemannian
manifold. See [15℄ for a general study about all its homogeneous Riemannian metris. On cm,
the maximal root µ is given by µ = α˜11 and we have
〈αi, αi〉 =
{
1
2(m+1) , 1 ≤ i ≤ m− 1,
1
m+1 , i = m,
〈αj , αj+1〉 =
{ − 14(m+1) , 1 ≤ j ≤ m− 2,
− 12(m+1) , j = m− 1
and 〈αi, αj〉 = 0 for the remaining (i, j). From Proposition 3.2, Sp(m)/(Sp(m− 1)×U(1)) is
an irreduible 3-symmetri spae of Type A3III. A basis for k = sp(m− 1)⊕ T1 is given by
{√−1Hαi (1 ≤ i ≤ m); Uaαij (2 ≤ i ≤ j ≤ m), Uafαij (2 ≤ i ≤ j ≤ m− 1), a = 0, 1}.
Denote by βi = α1i (1 ≤ i ≤ m) and βm+j = α˜1(m−j) (1 ≤ j ≤ m−1). Then {Uaβi , Uaβm+j}a=0,1
forms an orthonormal basis for (m, 〈·, ·〉 = −12Bm), where m is the orthogonal omplement of k
in sp(m) with respet to the Killing form B. From Lemma 2.1, one obtains that the subspaes
m1 = R{Uaµ}a=0,1 ∼= C and m2 = m⊥ ∼= Hn of m are Ad(Sp(m− 1)×U(1))-invariant.
It is easy to see by a ase-by-ase hek the following.
Lemma 4.1. We have:
(i) For 1 ≤ i < j ≤ m, βi−βj = −α(i+1)j and βi+βj ∈ ∆ if and only if (i, j) = (m−1,m).
Then βm−1 + βm = β2m−1 = µ.
(ii) For 1 ≤ i < j ≤ m − 1, βm+i − βm+j = −α(m−j)(m−i−1) and βm+i + βm+j 6∈ ∆. In
partiular, βm+i − β2m−1 = −βm−i−1, for 1 ≤ i ≤ m− 2.
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(iii) For 1 ≤ i ≤ m and 1 ≤ j ≤ m − 1, βi + βm+j ∈ ∆ if and only if j = m− i − 1 and
1 ≤ i ≤ m− 2. Then βi + β2m−i−1 = µ. Moreover,
−(βi − βm+j) =

β2m−i−1, if 1 ≤ i ≤ m− 2, j = m− 1;
˜α(m−j)(i+1), if 2 ≤ m− j ≤ i ≤ m− 2;
α(m−j)m, if i = m− 1, 1 ≤ j ≤ m− 2;
βm, if i = j = m− 1;
α(m−j)(m−1), if i = m, 1 ≤ j ≤ m− 2;
βm, if i = m, j = m− 1;
˜α(i+1)(m−j), if i < m− j.
Hene, using Lemma 2.1 (iii), the brakets [Uaβk , U
a
βl
], a = 0, 1, 1 ≤ k < l ≤ 2m − 1, are
given by
[Uaβi , U
a
βj
] = −N−βi,βjU0α(i+1)j , 1 ≤ i < j ≤ m, (i, j) 6= (m− 1,m);
[Uaβm−1 , U
a
βm
] = (−1)aNβm−1,βmU0β2m−1 −N−βm−1,βmU0αm ;
[Uaβm+i , U
a
βm+j
] = −N−βm+i,βm+jU0α(m−j)(m−i−1) , 1 ≤ i < j ≤ m− 2;
[Uaβm+i , U
a
β2m−1
] = −N−βm+i,β2m−1U0βm−i−1 , 1 ≤ i ≤ m− 2;
[Uaβi , U
a
β2m−1
] = −N−βi,β2m−1U0β2m−i−1 , 1 ≤ i ≤ m− 2;
[Uaβi , U
a
βm+j
] = −N−βi,βm−jU0 ˜α(m−j)(i+1) , 2 ≤ m− j ≤ i ≤ m− 2;
[Uaβm−1 , U
a
βm+j
] = −N−βm−1,βm+jU0α(m−j)m , 1 ≤ j ≤ m− 2;
[Uaβm−1 , U
a
β2m−1
] = −N−βm−1,β2m−1U0βm ;
[Uaβm , U
a
βm+j
] = −N−βm,βm+jU0α(m−j)(m−1) , 1 ≤ j ≤ m− 2;
[Uaβm , U
a
β2m−1
] = −N−βm,β2m−1U0β2m−1 ;
[Uaβi , U
a
β2m−i−1
] = (−1)aNβi,β2m−i−1U0β2m−1 −N−βi,βmU0 ˜α(i+1)(i+1) , 1 ≤ i ≤ m− 2;
[Uaβi , U
a
βm+j
] = −N−βi,βm+jU0 ˜α(i+1)(m−j) , 1 ≤ i < m− j − 1.
(4.1)
Proposition 4.2. The omplex projetive spae CPn = Sp(m)/(Sp(m − 1) × U(1)), n =
2m−1, m ≥ 2, equipped with the standard Sp(m)-homogeneous Riemannian metri has stritly
setional urvature with pinhing onstant δ = 116 .
Proof. Put
u =
2m−1∑
k=1
a=0,1
ukaU
a
βk
, v =
2m−1∑
k=1
a=0,1
vkaU
a
βk
two elements of m and suppose that [u, v] = 0. From Lemma 2.1 (ii), we have
1
2
[u, v]h =
2m−1∑
k=1
M(k,0)(k,1)
√−1Hβk ,
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where M(k,a)(l,b) = u
k
av
l
b − ulbvka , for eah k, j = 1, . . . , 2m − 1 and a, b = 0, 1, is the minor in
the matrix of oeients of u and v with respet to the basis {Uaβk}. The elements
√−1Hβi =√−1(Hα1 + · · ·+Hαi), 1 ≤ i ≤ m, onstitute a basis for h and, moreover, one gets
Hβm+j = Hβm +Hβm−1 −Hβm−j−1 , (1 ≤ j ≤ m− 2); Hβ2m−1 = Hβm +Hβm−1 .
Hene it follows
M(i,0)(i,1) = M(2m−i−1,0)(2m−i−1,1) , i = 1, . . . ,m− 2;
M(m−1,0)(m−1,1) = M(m,0)(m,1) = −
m−1∑
j=1
M(m+j,0)(m+j,1).
(4.2)
Using again Lemma 2.1, equation (4.1) and taking the oeients of [u, v] in U0βm−i−1 , U
0
β2m−i−1
,
U0
˜α(i+1)(i+1)
, for 1 ≤ i ≤ m− 2, and U0βm−1 , U0βm and U0αm we have, respetively, the following
equations:
M(m+i,0)(2m−1,0) +M(m+i,1)(2m−1,1) = 0;
M(i,0)(2m−1,0) +M(i,1)(2m−1,1) = 0;
M(i,0)(2m−i−1,0) +M(i,1)(2m−i−1,1) = 0,
for 1 ≤ i ≤ m− 2, and
M(m,0)(2m−1,0) +M(m,1)(2m−1,1) = 0;
M(m−1,0)(2m−1,0) +M(m−1,1)(2m−1,1) = 0;
M(m−1,0)(m,0) +M(m−1,1)(m,1) = 0.
From here and from (4.2), if [u, v] = 0 then one obtains
M(i,0)(i,1) = M(2m−i−1,0)(2m−i−1,1) , i = 1, . . . ,m− 2;
M(m−1,0)(m−1,1) = M(m,0)(m,1) = −
∑m−1
j=1 M(m+j,0)(m+j,1);
M(i,0)(2m−i−1,0) +M(i,1)(2m−i−1,1) = 0, i = 1, . . . m− 1;
M(k,0)(2m−1,0) +M(k,1)(2m−1,1) = 0, k = 1, . . . 2m− 2.

(4.3)
This implies, making straight alulations, that u and v are linearly dependent and so the
setional urvature of the standard Sp(m)-homogeneous Riemannian metri is stritly positive.
Using (2.3) and Lemma 2.1 (ii), one gets that the setional urvatureK(m1) is given by 2〈µ, µ〉.
From (4.1), one also gets K(Uaβk , U
a
µ) =
1
4N
2
−βk,µ, k = 1, . . . , 2(m − 1). Then, applying (2.5),
we an onlude
K(m1) =
2
m+ 1
, K(X,Y ) =
1
8(m+ 1)
, if X ∈ m1, Y ∈ m2. (4.4)
Aording with [15, p. 357℄ they are the maximum and the minimum value for the setional
urvature, respetively. Hene the pinhing of the Sp(m)-standard metri 〈·, ·〉 is δ = 116 . 
Remark 4.3. The Sp(m)-standard metri on CPn, n = 2m−1, m ≥ 2, is not the symmetri
Fubini-Study beause, as it is well known, the pinhing onstant of this last one is δ = 14 .
Moreover, the Sp(m)-standard metri orresponds up to a onstant with the metri dened
in [15, p. 356-357℄ for t = 12 , we have that it is Einstein if and only if n = 3.
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Lemma 4.4. Any simply onneted, irreduible non-Kähler homogeneous nearly Kähler man-
ifold (M,g, J) is a ompat 3-symmetri spae and J is its anonial almost omplex struture.
Proof. From [9, Proposition 2.1℄, (M,g, J) is strit nearly Kähler. Then, using Nagy [10℄
and Butruille [3℄, it must be a 3-symmetri spae. Moreover, from [9, Theorem 1.1 (ii)℄ it is
ompat with a nite fundamental group. 
From here, we an redue our study to nearly Kähler 3-symmetri spaes. Sine a ompat
nearly Kähler manifold with positive urvature is simply onneted [5℄, using Theorem 1.1
and Proposition 3.2, we have
Proposition 4.5. Any non-Kähler homogeneous nearly Kähler manifold with stritly positive
setional urvature is holomorphially isometri to one of the following 3-symmetri spaes,
with respet to the anonial omplex struture:
A3III : CP
n = Sp(m)/(Sp(m− 1)×U(1)), n = 2m− 1; A3IV : S6 = G2 /SU(3).
Finally, sine ompat Kähler manifolds with stritly positive setional urvature and onstant
salar urvature are isometri to a omplex projetive spae with the Fubini-Study metri (see
[7℄), then Theorem 1.2 follows as a diret onsequene from Proposition 4.5.
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